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Abstract 
 
A modeling method for the modal analysis of a multi-blade system undergoing rotational motion is presented in this 

paper. Blades are assumed as cantilever beams and the coupling stiffness which originates from the shroud flexibility is 
considered for the modeling. To obtain general conclusions from the numerical results, the equations of motion are 
transformed into a dimensionless form. Dimensionless parameters related to the angular speed, the hub radius, and the 
coupling stiffness are identified and the effects of the parameters on the modal characteristics of the system are investi-
gated. It is shown that the coupling stiffness especially plays an important role to change the modal characteristics of 
the system. The range of critical angular speed is also obtained through the numerical analysis.  
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1. Introduction  

Rotating multi-blade systems can be found in sev-
eral engineering examples such as turbine generators, 
turbo engines, turbo fans, and rotorcraft wings. These 
structures are comprised of several blades which are 
attached to a hub (or a disk) and often connected 
through shrouds. Since the shrouds possess flexibility, 
they create stiffness coupling effects between blades. 
The stiffness coupling effects along with the angular 
motion influence the modal characteristics of the 
system significantly. To design such structures, there-
fore, the effects of the stiffness coupling as well as the 
angular motion of the multi-blade system need to be 
considered to estimate their modal characteristics 
accurately. 

Study on the natural frequency variation of a rotat-
ing flexible structure originated from the work by 
Southwell and Gough [1]. They developed an analyti-
cal model (often called the Southwell equation) to 
calculate the natural frequencies of a rotating beam. 

Later, Schilhansl [2] derived the equations of motion 
for rotating cantilever beams and obtained more accu-
rate coefficients for the Southwell equation based on 
the Ritz method. Since early 1970s, the astonishing 
progress of computing technologies has enabled one 
to calculate the modal characteristics of the rotating 
beam with several numerical methods. A large 
amount of literature relating to this subject can be 
found (see, for instance, Refs. [3, 4]). Recently, a 
dynamic modeling method employing a hybrid set of 
deformation variables was introduced (see Refs. [5, 
6]). Linear equations of motion can be derived with 
the modeling method. Even if the equations of motion 
are linear they can capture the stiffness variation ef-
fects induced by the rotational motion. The equations 
also include the coupling effect between stretching 
and bending motions. So the effect of the coupling 
effect on the modal characteristics of the rotating 
beam could be successfully investigated with the 
modeling method (see Ref. [7]).  

In most of the studies mentioned in the previous 
paragraph, the modal characteristics of a single blade 
were only investigated. The study on the modal char-
acteristics of a multi-blade system was presented only 
in a few papers (see Refs. [8, 9]). To obtain the modal 
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characteristics of a multi-blade system, the finite ele-
ment method can be employed effectively. However, 
if the finite element method is employed the equation 
size becomes huge for the multi-blade system. Such a 
huge size model is not proper for the purpose of sys-
tem design. Furthermore, a parameter study for de-
sign cannot be done with the finite element model. 
Therefore, a simplified model in which blades were 
idealized as rigid pendulums having a discrete tor-
sional spring was employed for designs in those pre-
vious studies. The simplified model was employed in 
Ref. [8] and the FE model was employed in Ref. [9]. 
However, these models are too simple or too complex 
so that they are not proper for the design of a rotating 
blade system. 

The purpose of the present study is to develop a 
linear dynamic model to analyze the modal character-
istics of rotating multi-blade systems and to investi-
gate the effects of some important parameters on the 
modal characteristics of the system using the model. 
To achieve the purpose, the equations of motion are 
derived based on the hybrid deformation variable 
modeling method (see Ref. [6]) and they are trans-
formed into a dimensionless form in which some 
dimensionless parameters related to the angular speed, 
the hub radius, the shroud coupling stiffness, and the 
attachment location of the shroud spring are identified. 
The effect of the number of blades on the modal char-
acteristics of the system is also investigated with the 
proposed model. 

 
2. Equations of motion 

In this section, equations of motion of a rotating 
multi-blade system are derived based on the hybrid 
deformation variable modeling method introduced in 
reference [6] where only a single blade was consid-
ered. To focus on the main issue of the present study 
(the effects of the coupling stiffness between multiple 
blades ad the angular motion), the following assump-
tions are made in this study. All the blades are as-
sumed to be identical and only in-plane deformation 
occurs. Blades are assumed to have a slender shape 
and isotropic material property. So the stretching and 
the bending deformations are only considered, while 
the shear, the rotary inertia, the eccentricity, and the 
warping effects are neglected. 

Fig. 1 shows the configuration of a multi-blade sys-
tem. The blades are attached to a rigid hub A  hav-
ing radius r . 1â  and 2â  represent unit vectors  

 
 
Fig. 1. Configuration of a multi-blade system. 

 
attached to the rigid hub; x  denotes the length from 
the point O  to the point 0P  (the generic point of 
the beam before deformation occurs); k  denotes the 
coupling stiffness of the shroud spring ; a  denotes 
the attachment position of the spring; ku < >r  denotes 
the elastic deformation vector of n-th beam; and ks< >  
denotes the stretch of the beam. Employing the 
Rayleigh-Ritz assumed mode method, a hybrid set of 
variables ks< > and 2

ku< >  can be approximated as fol-
lows: 
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where 1iφ  and 2iφ  denote the longitudinal and the 
bending mode functions; 1

k
iq< >  and 2

k
iq< >  denote the 

generalized coordinates for the two mode functions 
respectively; and 1µ  and 2µ  denote the numbers of 
the generalized coordinates. When the rigid hub ro-
tates with an angular speed Ω , the angular velocity 
of the rigid hub A  and the velocity of the generic 
point P  (the generic point of the beam after defor-
mation occurs) can be obtained as follows.  
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where 1
ku< >&  need to be expressed with respect to 

ks< >&  and 2
ku< >& . The following geometric relation (see 

Ref. [6] in detail) can be used for the purpose.  
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If the Kane’s method (see Ref. [10]) is employed, 
the equations of motion for the system can be derived 
with the following equation. 
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where l  denotes the length of the beam, ρ  denotes 
the mass per unit length of the beam, and iq  denotes 
the generalized coordinate. In Eq. (6), kU < >  denotes 
the strain energy of the beam which can be given as  
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where E , A  and I  represent Young’s modulus, 
the cross-section area and the second area moment of 
inertia of the beam, respectively. Employing Eqs. (1-
7), the equations of motion of the k-th beam can be 
derived as follows: 
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where 
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In the above expressions, 1 ,i xφ  and 2 ,i xφ  indicate 

the differentiation of the symbols 1iφ  and 2iφ  with 
respect to x  and 2 ,i xxφ  indicates the double differ-
entiation of the symbol. 

For slender beams, the extensional natural frequen-
cies are much higher than the bending natural fre-
quencies. Therefore, the coupling effect between the 
extensional motion and the bending motion can be 
ignored without losing the accuracy of the analysis. 
So the following equation (by neglecting the coupling 
terms and the non-homogeneous terms from Eq. (9)) 
will be employed for the modal analysis. 
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It is useful to write the equations of motion in a di-

mensionless form. To achieve this, the following 
dimensionless variables are employed: 
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By employing the above dimensionless variables in 
Eq. (12), Eq. (11) can be rewritten as follows: 
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where k

jθ
< >&&  denotes the double differentiation of 

k
jθ
< >  with respect to τ , γ  denotes the dimen-

sionless angular speed which can be obtained by the 
angular speed Ω  multiplied by T  and 
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In the above expressions, jϕ  is a function of ξ  

which has the same functional value as ( )j xφ . Three 
more dimensionless parameters are employed in the 
above expressions and they are defined as follows: 
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Now by assembling n  sets of the equations writ-

ten in Eq. (13), the total equations of motion for a 
multi-blade system can be written as follows: 
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For the modal analysis of the system, a column ma-

trix { }θ  can be expressed as follows: 
 
{ } { }je ωτθ η=  (17) 

 
where, ω  denotes the dimensionless natural fre-
quency and { }η  denotes the mode vectors. Substi-

tuting Eq. (17) into Eq. (16), one can obtain the fol-
lowing equation: 

 
{ } { }2 M Kω η η⎡ ⎤ ⎡ ⎤=⎣ ⎦ ⎣ ⎦        (18) 

 
The modal analysis of a multi-blade system will be 

done by using Eq. (18) in the next section. 
 

3. Numerical results 

To obtain accurate numerical results, five assumed 
modes (which are the bending eigenmode functions 
of a cantilever beam) are employed for each beam to 
obtain the natural frequencies and the corresponding 
mode shapes.  

Numerical results obtained by using the present 
modeling method are compared to those in [9], which 
provides some analytical solutions. The lowest nine 
natural frequencies of a 3-beam system are shown in 
Table 1 for which 0.1, 10, 0, 0α β γ δ= = = =  are 
employed. It is found that the results obtained by the 
present modeling method are almost identical to those 
of [9].  

Fig. 2 shows the lowest eight dimensionless natural 
frequencies of 4-beam system versus the dimen-
sionless angular speed. The parameters employed for 
the analysis are 0.1α = , 10β =  and 0.1δ = . As 
shown in the figure, there exist two groups of natural 
frequencies. The first group includes the lowest four 
natural frequencies and the second group includes the 
next four natural frequencies. Since the coupling 
stiffness β  is not large enough, the natural frequen-
cies in each group are almost identical. The figure 
also shows that the natural frequencies increase as the 
angular speed increases. 

Fig. 3 shows the corresponding eight mode shapes 
of the 4-beam system. As shown in the figure, the 

 

 
 
Fig. 2. Lowest 8 natural frequencies of the 4 beam system versus 
the angular speed. 
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Table 1. Comparison of the natural frequencies ( 0.1,α =  
10,β =  0)γ = ..  

Frequencies Present Ref. (9) 

1st. 3.517 3.517 

2nd. 3.519 3.519 
First 
Set 

3rd. 3.521 3.521 

4th. 22.04 22.04 

5th. 22.05 22.05 Second 
Set 

6th. 22.06 22.06 

7th. 61.71 61.71 Third 
Set 8th. 61.73 61.73 

 

 
 
Fig. 3. Lowest 8 mode shapes of the 4-beam system. 
 
first four mode shapes consists of the first bending 
modes and the next four mode shapes consist of the 
second bending modes. Comparing the 2nd and the 
3rd modes (or the 6th and the 7th modes) one can see 
that the two modes are almost identical if one of them 
rotates about 90 degrees. Therefore, the natural fre-
quencies of the two modes should be almost identical, 
too.  

Fig. 4 shows the lowest eight dimensionless natural 
frequencies of the 4-beam system for different values 
of the dimensionless spring attachment position α . 
The parameters except α  employed for the analysis 
are same as before. As can be shown in the figure, the 
lowest frequencies in each group remain unchanged 
while other frequencies increase. The two middle 
natural frequencies in each group are the same (as 
discussed in the previous paragraph) so that only 
three loci for each group can be observed in the fig-
ures. As α  increases, the gaps between the frequen-
cies increase significantly.  

Fig. 5 shows the lowest eight dimensionless natural 
frequencies of 4-beam system versus the dimen-
sionless spring attachment position α . The parame-
ters employed for the analysis are 10β = , 5γ =  
and 0.1δ = . As α  increases, the natural frequencies 
vary. An interesting fact one can observe from the 
figure is that the second group of natural frequencies  

 
(a) 0.5α =  

 

 
(b) 1.0α =   

Fig. 4. Lowest 8 natural frequencies versus the angular speed for 
different values of α . 

 

 
 
Fig. 5. Lowest 8 natural frequencies versus the spring attach-
ment position. 

 
increase as α  increases initially. However, they 
decrease after reaching their maximum values and 
become identical at a specific value of α . The loca-
tion of α  is actually the same as the nodal point of 
the rotating beam.  

Fig. 6 shows the lowest eight dimensionless natural 
frequencies of the 4-beam system for different values 
of the dimensionless coupling stiffness β . 

The parameters are employed the analysis are 
0.5α =  and 0.1δ = . As shown in the figures, the  
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(a) 50β =  

 

 
(b) 100β =   

Fig. 6. Lowest 8 natural frequencies versus the angular speed for 
different values of β . 

 
lowest frequencies in each group remain unchanged. 
It can be observed from the figures that the gaps be-
tween the frequencies increase as the coupling stiff-
ness β  increase. However, the gap variation be-
tween frequencies in the first group is less affected by 
β  (compared to α ). 

Fig. 7 shows the lowest eight dimensionless natural 
frequencies of the 4-beam system versus the dimen-
sionless coupling stiffness β . The parameters em-
ployed for the analysis are 0.5α = , 5γ =  
and 0.1δ = . As shown in the figures, the natural 
frequencies (except the lowest ones in each group) 
increase monotonically as the coupling stiffness in-
creases. The lowest natural frequencies remain un-
changed. 

Fig. 8 shows the lowest eight dimensionless natural 
frequencies of the 4-beam system for different value 
of the dimensionless hub radius ratio. The parameters 
employed for the analysis are 0.5α =  and 10β = . 
As can be shown in the figure, the slopes of the natu-
ral frequencies become stiffer as the hub radius ratio 
δ  increases. This can be easily understood since the 

larger hub radius results in larger centrifugal force, 
which results in larger motion-induced stiffness for 
the system. 

 
 
Fig. 7. Lowest 8 natural frequencies vs. the coupling stiffness. 

 

 
(a) 1δ =  

 

 
(b) 10δ =  

 
Fig. 8. Lowest 8 natural frequencies versus the angular speed for 
different values of δ . 

 
Fig. 9 shows the lowest eight dimensionless natural 

frequencies of 4-beam system versus the dimen-
sionless hub radius ratio δ . The parameters em-
ployed for the analysis are 0.5α = , 10β = , and 

5γ = . The figure shows that the natural frequencies 
increase approximately in proportion to the square 
root of the hub radius ratio. Since the stiffness of the 
motion induced stiffness is proportional to the hub 
radius, the natural frequency should be approximately 
in proportional to the hub radius. 

Fig. 10 shows two groups of dimensionless natural 
frequencies for 6-beam system and 8-beam system. 
The parameters employed for the analysis are 0.5α = ,  
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Fig. 9. Lowest 8 natural frequencies vs. the hub radius. 
 

 
(a) number of blades = 6 

 

 
(b) number of blades = 8 

 
Fig. 10. Effect of the number of blades on the natural frequen-
cies. 

 
10β =  and 0.1δ = . It seems that there exist only 

eight natural frequency loci in Fig. 10(a) and ten natu-
ral frequency loci in Fig. 10(b). However, every locus 
in the middle of each group contains two sets of natu-
ral frequency information. 

As shown in the figure, the gap between the lowest 
natural frequency and the highest natural frequency is 
rarely affected by the number of blades. Therefore, 
the gap between any adjacent two loci decreases as 
the number of blades increases. 

 

4. Conclusions 

A dynamic modeling method to derive the equa-
tions of motion of a rotating multi-blade system is 
presented in this paper. The modeling method em-
ploys a set of hybrid deformation variables with 
which the motion-induced stiffness variation effect 
can  be included  in the equations of motion. The 
equations of motion are transformed into a dimen-
sionless form in which dimensionless parameters 
related to the angular speed, the coupling stiffness, the 
location of coupling stiffness and the hub radius are 
identified. Numerical results show that the natural 
frequencies increase as the angular speed increases. 
As the hub radius increases, the increasing slope be-
comes stiffer. The gap between the frequency loci 
increases as the coupling stiffness or the location of 
coupling stiffness increases. Finally, the gap between 
the lowest natural frequency and the highest natural 
frequency is rarely affected by the number of blades. 
Therefore, as the number of blades increases, the gap 
between any two frequency loci decreases. 
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